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Hof ava-Lifshitz gravity is an attempt to construct a renormalizable theory of gravity by breaking 
the Lorentz Invariance of the gravitational action at high energies. The underlying principle is 
that Lorentz Invariance is an approximate symmetry and its violation by gravitational phenomena 
is somehow hidden to present limits of observational precision. Here I point out that a simple 
modification of the low energy limit of Hofava-Lifshitz gravity in its non-projectable form can 
effectively camouflage the presence of a preferred frame in regions where the Newtonian gravitational 
field gradient is higher than cHo; this modification results in the phenomenology of MOND at lower 
accelerations. As a relativistic theory of MOND this modified Hofava-Lifshitz theory presents several 
advantages over its predecessors. 
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I. INTRODUCTION 

A recent theoretical motivation for a universal pre- 
ferred frame is provided by a modern attempt to con- 
struct a renormalizable quantum theory of gravity. It 
has been known for some time that the presence of higher 
derivatives of the metric tensor in the field equations can 
make the theory renormalizable [l| . However, in a covari- 
ant theory, higher spatial derivatives also mean higher 
time derivatives and such theories tend to be unsta- 
ble. To solve this problem, Hofava 0] has proposed that 
Lorentz Invariance (LI) is broken at high energies by an 
additional geometrical structure, a preferred space-like 
foliation that splits space from time. Then it is possible 
to construct a renormalizable theory with higher spatial 
derivatives while maintaining only two time derivatives. 
Although the higher derivative terms become negligible 
at low energies, the preferred frame is fundamental and 
present at all energies; it is assumed that the LI violat- 
ing terms in the action become negligible at low energies 
in order to satisfy phcnomcnological constraints. The 
LI violation leads to an extra scalar degree of freedom 
which in the original "projectable" Hofava-Lifshitz Grav- 
ity (HLG) presents problems in principle. Bias, Pujolas 
and Sibiryakov 0,3 (BPS) have shown that these prob- 
lems are eased by taking a particular form of Hofava- 
Lifshitz gravity, the so-called non-projectable form in 
which an additional term, second order in the preferred 
frame, is added to the action to provide stability. But the 
central point remains: renormalization in the context of 
HLG requires that we live in a Universe in which LI is 
only an approximate or apparent symmetry; the Universe 
contains a fundamental preferred frame that is somehow 
hidden to present experimental accuracy. My purpose 
here is to consider how this camouflage may be accom- 
plished in terms of a simple modification of low energy 
HLG - a modification leading to MOND phenomenology. 

I outline the structure of an acceleration-based modi- 
fication of Hofava-Lifshitz gravity which may be viewed 
as a special case of generalized modified vector-tensor or 
Einstein- Aether (EA) theories [6|-l8| . I describe its advan- 
tages as a relativistic theory of MOND and stress that 
such a theory can be consistent with local and cosmo- 



logical constraints on GR including preferred frame ef- 
fects, the absence of Cerenkov losses on high-energy cos- 
mic rays, and nucleosynthetic limits on the cosmological 
value of G. The theory provides enhanced gravitational 
lensing about distant astronomical objects (as though by 
dark matter) without the construction of a second dis- 
formally related metric. Therefore, independent of the 
connection with HLG, this modified EA theory, as a rel- 
ativistic theory of MOND, has relatively few additional 
ad hoc elements. 



II. BACKGROUND 

In Hofava-Lifshitz gravity LI is broken at high ener- 
gies by the presence of a preferred foliation of 3-D sur- 
faces in space-time. In the BPS version, the splitting is 
dynamical; i.e., level surfaces of a dynamical scalar func- 
tion C define the foliation (BPS call this the "khronon" 
field). The foliation persists to low energies but presum- 
ably with LI breaking terms strongly suppressed. 

It is useful to define a unit vector which is the normal- 
ized khronon field gradient, 



A, 



C.< 



y/-g a f>C, a C, p 



(1) 



Then at low energies the modified BPS non-projectable 
form of HLG may be written in covariant form as 



with 



S HLG = ^J[R-L C] ^ 



L c = (A - l)(V M ^) 2 + aa M a" 



(2) 



(3) 



where a M = A P V 'pA^ is the acceleration of curves normal 



to the foliation surface. The invariant 



is the term 



added by BPS for stability of the scalar degree of freedom 
with a as the dimensionless constant characterizing its 
contribution to the energy-momentum. 

This is recognized as a subclass of EA theories Q where 



Lea = M abmn V a A m V b A r , 



(4) 
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with 



M abmn = Cig at> g r. 
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- Ci A a A b g mn 
(5) 

As written here, the only non-zero couplings are c 2 = 
A — 1 and C4 = a. Given the definition of A u as a scalar 
field gradient, the theory would appear to contain dan- 
gerous higher derivatives of the field C. However, this is 
avoided when one transforms to the special frame where 
C becomes the time coordinate Q • Then one may easily 
show that 



A, = 6 uC (-g cc ) 



and 



a, = [ln(iV)], 



(6) 



(7) 



with N = \J—gcCi the lapse function in the language of 
ADM 3+1 formalism. Here refers to spatial deriva- 
tives in the preferred frame. 

The first term in eq. 3 involves only time derivatives 
of the metric, so considering the static case, we may take 
A ~ 1 (reconsidered below). Then in the preferred frame 
the action of the BPS extended HLG may be written 
simply as 



S 



HLG 



a- 



N 2 



R 1 



In this frame the Einstein equations become 
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Keeping in mind that in this frame the square of the lapse 
is identified with gcc (L. Blanchet, private communica- 
tion), the equation for the lapse is given by 



cc i 



1 



g--Rcc-2 R = 



8ttG 



g cc T cc 



N 
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N 2 
(10) 

One should note that this is the field equation written in 
the preferred frame and not in covariant form. Covariant 
equations may be found in references @, H(| • It is also 
noteworthy that in this frame the new degree of freedom, 
the scalar Khronon field, does not appear explicitly (it 
is the time coordinate); the LI breaking due to HLG is 
apparent as revised Einstein equations. 

I take small perturbations about Minkowski space of 
the form 

S«=Ml-2^) ffcc = -(l + 20) (11) 

where the scalars </> and ip are the usual Newtonian po- 
tentials. This implies that N = 1 + <f). Then in the static 
case, 



ip = (j) 



(12) 



due to the absence of first order contributions to the 
source of G^ , and 



2V 2 V> - V ■ [aV0] = 8ttG P /c 2 



(13) 



where a is included inside the gradient operator because 
in the modified version, considered below, it is dependent 
upon spatial position in the preferred frame. Note that 
this is equivalent to the two-field non-relativistic theory 
described by the Lagrangian 



L NR = 4V0-VV>-2VV>-V^-Q!V0-V</>- 



!6nG 



<t>P (14) 



As stressed by several authors }9Hllj the essential dif- 
ficulty concerns the LI violating parameters, a and A — 1. 
There is nothing in the theory that requires these to 
become small enough to be consistent with the very 
tight phenomenological constraints on deviations from 
GR (absence of gravitational preferred frame effects in 
the Solar System, extragalactic propagation of high en- 
ergy cosmic rays, variations between local and cosmo- 
logical values of G, binary pulsar constraints). Below I 
describe a modification of HLG which can fit this bill; a 
modification attached to gravitational acceleration rather 
than energy. 



III. MODIFIED HORAVA-LIFSHITZ GRAVITY 

Modifications of EA theories as possible relativistic ex- 
tensions of MOND have been considered by Zlosnik, Fer- 
reira and Starkman [8] (ZFS) who substitute for this gen- 
eral vector field Lagrangian (eq. 5) a specific function of 
that Lagrangian, F(Lea)- It would seem a trivial step to 
modify HLG in the same way by taking an appropriate 
function of Lc in eq. 3. But this would be equivalent to 
setting A — 1 oc a; here I write a more general modifi- 
cation by adding two potentials to the HLG Lagrangian, 
i.e., 



L c ' = L C + V(a) + U(X') 



(15) 



where A' = A — 1 . This is equivalent to replacing the two 
vector field invariants in eq. 3 by separate functions of 
these invariants. The parameter a is then given by the 
solution to 



dV 
da 



and A' by 



dU 




(16) 



(17) 



where g is the determinant of the metric tensor (recall 
that C is the time coordinate). 

I introduce the modification as added potentials (as 
in TeVeS) rather than taking non standard kinetic terms 
because this leaves unchanged the form of the LI breaking 
invariants in the HLG Lagrangian (eq. 3); the kinetic 
terms are standard. In any case, there are no underlying 
principles here; such ad hoc modifications of scalar or 
vector field invariants are not new and have generally 
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been a basis for relativistic MOND (TeVeS, for example) 
or dynamical dark energy (k-essence, for example). 

Given the equality of the Newtonian potentials (eq. 
12), in the weak field static case the equation for cf> (eq. 
14) becomes 



V-[/i(|V<£/a |)V$ = 4mGp 



(18) 



with /i = 1 — a/2. This is recognized as the Bekenstein- 
Milgrom [l2[ non-relativistic MOND field equation. 

For the desired phenomenology the potential must be 
normalized by the single new physical constant - the 
MOND acceleration parameter a 2 . In the Newtonian 
limit, where a — > 0, an appropriate form for the poten- 
tial would be 



V{a) = l?LL a a-P) [ao 2 ] 
p-1 



(19) 



where p > (the special case of p = 1 corresponds to a 
logarithmic potential). In the MOND limit where a — > 2 



V(a) = -(1 



a/2) 3 [a 2 



(20) 



Note that the natural scale of the potential is a Q 2 which 
would be the approximate value of any cosmological term 
(ffo 2 ). 

The remarkable aspect of Hofava-Lifshitz Gravity is 
the equality of the two Newtonian potentials (eq. 12). 
This implies that the relation between the weak-field 
force and the deflection of photons is identical to that 
of GR without the construction of two disformally re- 
lated metrics, gravitational and physical, as in TeVeS 
13]. This fact was first appreciated by ZSF in connec- 
tion the modified EA theories. 

Because the potential V(a) may be chosen such that 
the theory is arbitrarily close to GR in the Solar Sys- 
tem, one might expect that the various post-Newtonian 
parameters (PPN) may be pushed to within current ex- 
perimental accuracy of their GR values. But the advan- 
tage of considering modified HLG as a generalized EA 
theory is that constraints on on the coefficients, q, have 
been worked out for EA theory [l4j|. In particular, the 
inevitable preferred frame effects are parameterized by 



Oil 



PPN 



-4a 



and, in the limit where a is small, 



PPN 



-5a/2 



(21) 



(22) 



For example, taking V(a) = — ao 2 ln(a) where a << 1 
then, at the position of the earth in the Solar System, 
this gives a = 2. 



x HT 16 or a 2 PPN 



-7 x 10 
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the neighborhood of the earth, well below the observed 
constraint of a 2 < 10~ 7 . 

For time dependent problems, cosmology or wave prop- 
agation, it is necessary to consider the second parameter 
A' ^ 0. A number of the results of modified EA the- 
ory [l5| are directly applicable to the model suggested 



here but with the restrictions relevant to non-projectable 
HLG. For an isotropic homogenous Universe (FRW), A' 
is time-dependent and given by the solution to 



9H 2 = -dU/dX' 



(23) 



That is to say, A' is a function of cosmic epoch (taking 
A' oc a in the spirit of the ZFS modification would imply 
that the cosmological value of a would be much smaller 
in the early universe - no MOND at earlier epochs). Nor- 
malizing U(X') by clq 2 and defining 



K 



H 2 

1 9 

c^ao 



(24) 



one may write the LI violating term, in the language 
of modified EA theories, as F(K) = \'K. Then the 
modified Friedmann equation given in [14] becomes 



l + 3A'( dln ( V 



dhx{K) 2' 



8irG U{\') V(a) 



G 



G 



(25) 



where the cosmological potentials U and V are special to 
the present model. 

If A' is constant one recovers the well-known result [lyl 



G c = G N J{\ + 3A'/2) 



(26) 



That is to say, the cosmological value of G is generally 
less than the local Newtonian value. Observations of 
the abundances of light isotopes in the context of pri- 
mordial nucleosynthesis constrain \G c /Gn — 1| < 0.13. 
This places restrictions on U(X'). Taking a generic form 
dU/dX' = -X'-p we find that if p = 2 then G c = G N 
with no modification to standard Friedmann expansion 
(apart from the cosmological potentials) . If p = 1, cor- 
responding to a logarithmic potential (U{X') oc — ln(A')) 
then G c — Gn but with a cosmological term on the order 
of (ao/c) 2 . Other values of p yield quintessence. There- 
fore, the theory possesses sufficient flexibility to avoid the 
nucleosynthctic constraint and to embody dark energy as 
well as MOND. 

I stress that the dark energy is not a necessary aspect of 
the theory. For example, one may set 7 = and let a be 
a function of the invariant it multiplies (N^N' 1 /N 2 in the 
preferred frame) - a function designed to yield MOND in 
the low acceleration limit 0. This would, in the absence of 
fluctuations, yield a completely standard cosmology with 
no cosmological constant or dark energy, only the grav- 
itational attraction would be modified. However, while 
dark energy can be fine-tuned away, it would seem to be 
a positive attribute that dark energy of the right magni- 
tude (ao 2 ) is most naturally included. 

Properly speaking, HLG is a restricted case of EA the- 
ory in which the vector field A M constrained to be orthog- 
onal to surfaces of constant C (eq. 1); it is hypersurfacc 
orthogonal @. For wave propagation this means that, 
in addition to the usual tensor mode of GR, only one 
longitudinal (scalar) mode can propagate, and not the 
additional transverse modes (vector) of the general EA 
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theory. For the hypersurface orthogonal theory consid- 
ered, the usual gravitational radiation, the tensor mode, 
propagates at the speed of light. The propagation veloc- 
ity of the scalar mode is 




Independently of the value of A' the scalar waves must 
propagate at a velocity below the speed of light in the 
cosmological limit where a —¥ 2. This would previously 
have been considered fatal for the theory because of the 
perceived Cerenkov constraints. But recently Milgrom 
p7| has pointed out that the near field of a highly rel- 
ativistic particle is in the Newtonian regime (accelera- 
tion greater than ao) which implies a stopping distance 
due to gravitational Cerenkov comparable to the Hub- 
ble scale; there is no problem with Cerenkov losses for 
theories that approach GR in the regime of high accel- 
erations. Therefore, the theory remains valid even given 
subluminal longitudinal wave propagation. 

Note that radiation damping of compact binary pulsar 
systems agree with the predictions of GR to within one 
percent. This means that a, A' < 0.01 [18], a require- 
ment easily met by the modified HG theory in the high 
acceleration regime. 



IV. CONCLUSIONS 

It has been demonstrated [8| that modified EA theories 
can form a relativistic basis for MOND. I emphasize here 
that this includes non-projectable HLG as a restricted 
EA theory. HLG in no sense implies MOND; the theory 
must be modified by making the the coupling of the ad- 
ditional BPS invariant (a) dependent upon the invariant 
(either by adding a potential V(a) or taking a specific 
function of the invariant as in modified EA theories). 

As relativistic generalizations of MOND, these modi- 
fied EA or HLG theories are appealing. There are rel- 
atively few additional parameters apart from ao; in fact 
the parameter a defines the MOND interpolating func- 
tion and is required to have definite limits. Moreover, 
unlike TeVeS, such theories inevitably approach GR in 
the high acceleration limit. This means that the classical 
tests of GR can be readily satisfied at current levels of ac- 
curacy and, most importantly (following Milgrom), there 
is no Cerenkov constraint on the propagation of energetic 
cosmic rays. The theory is consistent with observations 
of cosmic gravitational lenses (i.e., additional deflection 
of photons by "phantom" dark matter) without the ad 
hoc construction of a disformally related physical metric. 

Solar system and galaxy scale phenomenology can be 
consistent with this theory but constrain the form of the 
potential V(a). The cosmology is standard but with cos- 
mological terms (dark energy), constant or evolving, of 



approximately the correct magnitude (a D 2 ). As in all 
EA theories, the cosmological G may differ from its lo- 
cal value, and the limits imposed by primordial nucle- 
osynthesis constrain the form of the potential J7(Y). At 
present, the potentials are ad hoc; there are no a priori 
considerations which tell us what these potentials should 
be. Issues such as the viable cosmologies and the growth 
of fluctuations will be discussed in a later paper. 

In a general sense, HLG requires that Lorentz invari- 
ance is not a fundamental symmetry but is violated by 
gravitational phenomenology. But why then is this LI 
violation not evident in the world around us as, for ex- 
ample, observable gravitational preferred frame effects? 
The MONDian modification provides one possible solu- 
tion to this problem: the theory becomes GR to high 
precision in the high acceleration environment of the So- 
lar System. The dynamical effects of the preferred frame 
are hidden by the modified HLG Lagrangian; MOND 
phenomenology occurs in the transition in the outer re- 
gions of galaxies between local dynamics described by 
GR and a preferred frame LI violating cosmology. This 
of course is speculative, and there are other possible the- 
oretical bases for MOND such as Milgrom's BiMOND 
[lj|. However, the modified HLG is simple and efficient; 
it does not add many new elements, and it is connected 
to a well-motivated approach to quantum gravity. 

The proposed theory is a viable relativistic extension of 
MOND, but there remain a number of issues to consider 
before this proposal could be taken as a viable extension 
of HLG, primarily connected with the MOND Ansatz: 
the variability of a and A' through the addition of po- 
tentials V(a) and U(X'). Since the possibility of power- 
counting renormalization is the motivation for breaking 
LI in Hofava-Lifshitz gravity, then one must ask if the 
assumption of acceleration-dependent couplings vitiates 
this attribute. My intuition is that it does not. Power- 
counting renormalization in this context requires that the 
operators in the action have dimension (number of spa- 
tial derivatives) of no more than six. This is certainly 
true of the a term in the MOND limit. This modifica- 
tion would seem only to affect the low energy properties 
of the theory. Questions of stability and/or ghosts should 
also be reconsidered, as well as the strong coupling limit, 
the energy above which the higher order terms in the full 
HLG action, become dominant. The possibility that a 
and/or A' can be a dynamical fields might be considered; 
perhaps long wavelength oscillations in such fields could 
play a role as cosmic dark matter. 

ACKNOWLEDGMENTS 

I am very grateful to Moti Milgrom for many insightful 
comments throughout this work and Luc Blanchet for a 
helpful comment on the the derivation of the field equa- 
tions. 



■5 



[1] K.S. Stelle, Phys. Rev. D 16, 953 (1978). 

[2] P. Hofava, Phys. Rev. D 79, 084008 (2009). 

[3] D. Bias, O. Pujolas, and S. Sibiryakov, Phys. Rev. Lett. 

104, 181302 (2010). 
[4] D. Bias, O. Pujolas, and S. Sibiryakov, JHEP 1104:018 

(2011) 

[5] M. Milgrom, Astrophys.J. 270, 365 (1983). 
[6] T. Jacobson and D. Mattingly, Phys. Rev. D 64, 024028 
(2001) 

[7] T. Jacobson, Phys. Rev. D 81, 101502 (2010). 

[8] T.G. Zlosnik, P.G. Ferreira and G.D. Starkman, Phys. 
Rev. D 75, 044017 (2007). 

[9] T.P Sotiriou, J. Phys. Conf. Ser. 283, 012034 (2011). 
[10] P. Hofava, arXiv: 1103.5587 (2011). 
[11] M. Visser, arXiv: 1103.5587 (2011). 



[12] J.D. Bekenstein and M. Milgrom, Astrophys.J. 286, 7 
(1984). 

[13] J.D. Bekenstein, Phys. Rev. D 71, 069901(E) (2005). 
[14] B.Z. Foster and T. Jacobson, Phys. Rev. D 73, 064015 
(2006). 

[15] J. Zuntz, T.G. Zlosnik, F. Bourliot, P.G. Ferreira, and 
G.D. Starkman, Phys. Rev. D 81, 104015 (2010). 

[16] S.M. Carroll and E.A. Lim, Phys. Rev. D 70, 123525 
(2004). 

[17] M. Milgrom, Phys. Rev. Lett. 106, 111101 (2011). 
[18] D. Bias and H. Sanctuary, arXiv: 1105.5149 (2011). 
[19] M. Milgrom, Phys. Rev. D 80 123536 (2009). 
[20] L. Blanchet and S. Marsat, Phys.Rev. D84, 044056, 
(2011). 



